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Abstract
In theories such as teleparallel gravity and its extensions, the frame basis replaces the metric ten-
sor as the primary object of study. A choice of coordinate system, frame basis and spin-connection
must be made to obtain a solution from the field equations of a given teleparallel gravity the-
ory. It is worthwhile to express solutions in an invariant manner in terms of torsion invariants
to distinguish between different solutions. In this paper we discuss the symmetries of teleparal-
lel gravity theories, describe the classification of the torsion tensor and its covariant derivative
and define scalar invariants in terms of the torsion. In particular, we propose a modification of
the Cartan-Karlhede algorithm for geometries with torsion (and no curvature or nonmetricity).
The algorithm determines the dimension of the symmetry group for a solution and suggests an
alternative frame-based approach to calculating symmetries. We prove that the only maximally
symmetric solution to any theory of gravitation admitting a non-zero torsion tensor is Minkowski
space. As an illustration we apply the algorithm to six particular exact teleparallel geometries.
From these examples we notice that the symmetry group of the solutions of a teleparallel gravity
theory is potentially smaller than their metric-based analogues in General Relativity.
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I. INTRODUCTION
While Einstein’s General Theory of Relativity (GR) is well accepted, there continues to
be interest in alternative theories. It can be argued that GR has been verified for isolated
masses on length scales of the solar system but that it continues to face challenges on both
quantum and cosmological scales. One notable problem is the inclusion of dark energy and
dark matter [1, 2] in cosmological models. These quantities play important roles in our
description of the universe: dark matter influences the large scale dynamics of matter and
dark energy is associated with the observed accelerated expansion of the universe.
Dark energy can be introduced into GR by treating the cosmological constant, Λ, as
an additional parameter in physics (e.g., by treating Λ as the vacuum expectation value).
However, this vacuum expectation value calculated via quantum field theory is 120 orders of
magnitude larger than the observed value. Furthermore, GR is unable to describe spacetime
physics in the quantum regime: i.e., at scales of the order of the Planck length. Einstein-
Cartan theories, where both torsion and curvature are non-zero, have been proposed to
describe gravity in the quantum regime [3]. One particular class of gravity theories assumes
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that the dynamics of the gravitational field are encoded in the torsion of spacetime with
vanishing curvature [4–6].
A notable class of torsionful but curvatureless gravitational theories of gravity, called
teleparallel theories of gravity (or teleparallel gravity in brief) arise from assuming that
both the non-metricity and the curvature of the affine connection are zero. Teleparallel
theories of gravity have a long history of analysis, including Einstein himself who believed
that the space of distant parallelism, (also called “absolute parallelism” or “tele-parallelism”
by other authors) is the most promising candidate to unify gravitation and electromagnetism
[7]. Intriguingly, there exists a subclass of teleparallel theories of gravity that are dynamically
equivalent to GR. The Lagrangian for this teleparallel equivalent to GR (TEGR) theories is
based on a scalar, T , constructed from the torsion tensor and differs from the Lagrangian
of GR by a total derivative, implying the field equations for each are formally equivalent.
We will call the solutions of the field equations to teleparallel gravity theories, teleparallel
geometries.
One popular generalization of the TEGR is f(T ) gravity. In one formulation of f(T ) grav-
ity [4, 8–11] (called pure tetrad teleparallel f(T ) gravity) the spin-connection is required to
vanish with respect to all frames leading to the torsion tensor being effectively replaced with
the coefficients of anholonomy, which is not covariant under local Lorentz transformations.
This implies a violation of Lorentz symmetry, so that these theories are frame dependent,
as any solution to the field equations depend on the choice of frame [4]. To reconcile this,
it has been noted that if the teleparallel geometry is defined in a gauge invariant manner
as a geometry with zero curvature, then the most general spin-connection that satisfies this
requirement is the purely inertial spin-connection, which vanishes in a very special class
of frames (“proper frames”) where all inertial effects are absent, and non-zero in all other
frames [12–16]. The primary benefit of this approach is that by using the purely inertial
connection, the resulting teleparallel gravity theory embodied by the Lorentz covariant field
equations (We refer to this theory as covariant teleparallel f(T ) gravity) has local Lorentz
invariance. With this approach, which we take here, one may use an arbitrary tetrad in an
arbitrary coordinate system with the corresponding spin-connection to produce equivalent
field equations to those in the proper frame [17, 18].
For a given teleparallel gravity theory, to determine solutions of the corresponding field
equations one must choose a coordinate system, xµ, a frame basis, ha, and a spin-connection,
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ωabc or alternatively, a coordinate system and a proper frame basis in which the spin-
connection is trivial. The choice of frame and the resulting spin-connection will be discussed
in section II. It is possible that two seemingly distinct choices of the coordinates, frame
basis and spin-connection which satisfy the teleparallel field equations are in fact the same
solution but this fact can be hidden by these choices. A criteria to uniquely characterize a
solution in an invariant manner is necessary. Two solutions can be shown to be inequiva-
lent by comparing the group of symmetries for each solution, such as isometries which are
symmetries of the metric and are necessarily coordinate-independent [19].
The role of an isometry in covariant teleparallel gravity theories is not as clear as in metric
based theories. In a teleparallel geometry, the tetrad (or (co)frame) and spin-connection,
replace the metric as the principal object of study since the frame and spin-connection are
used in the calculation of the torsion tensor and the field equations. The metric is now a
derived tensor constructed from symmetric products of the frame elements. It is worthwhile
to ask whether the symmetries of a particular teleparallel geometry coincide with the set of
isometries.
We note that in metric-based theories, such as those arising from Riemann-Cartan ge-
ometries, that in addition to leaving the metric invariant, an isometry is a diffeomorphism
from the space into itself and hence preserves the geometric structure of the space. This
structure will be discussed in section III when the modified Cartan-Karlhede algorithm is
reviewed. However, the diffeomorphism condition of an isometry can be stated as:
LXgab = 0, LXTabc = 0, LXRabcd = 0,LXRabcd|e1...ep = 0 and LXTabc|e1...ep = 0 ∀p ≥ 1.(1)
In the case of Riemannian geometries, where the Levi-Civita connection is used, the Lie
derivatives of the torsion and its covariant derivatives are zero and the resulting equations
are trivially satisfied.
For frame based theories, equation (1) can be restated:
LXha = 0, LXTabc = 0, LXRabcd = 0,LXRabcd;e1...ep = 0 and LXTabc;e1...ep = 0 ∀p ≥ 1 (2)
where ha is a geometrically preferred frame known as an invariant frame. The determination
of an invariant frame may require considering the original manifold as a submanifold of a
larger manifold and this will be discussed in section III as well. Any vector-field, X, satisfying
(2) is a frame symmetry on F(M), the frame bundle of M [20].
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We will define an affine frame symmetry as a vector field, X, satisfying [21]:
LXha = 0 and LXωabc = 0, (3)
where ωabc denotes the spin-connection relative to the invariant frame. This definition is
a frame-dependent analogue of the definition of a symmetry introduced by [22] since the
transformation rule for the Lie derivative under a Lorentz transformation, ha = Λ
b
a h
′
b =
(Λ−1)bahb is:
LXhb = LX′h′d(Λ−1)db + (X ′fh
′
d[(Λ
−1)ge]Λ
e
fh
′
g)(Λ
−1)db. (4)
It can be shown that (3) is equivalent to (2). These vector fields were previously called affine
symmetries [21]. An affine frame symmetry is an isometry but not all isometries are affine
frame symmetries.
Even if two teleparallel geometries have equivalent symmetry groups this will not prove
that they are equivalent. To show that two teleparallel geometries are equivalent we must
compute and compare invariant quantities associated with each teleparallel geometry. In this
paper, we will propose a modification of the Cartan-Karlhede algorithm which is applicable
to any teleparallel geometry, regardless of the field equations. Using the algorithm we will
show that any theory of gravity admitting non-zero torsion will not permit a maximally
symmetric space except Minkowski space. Furthermore this result implies that the group of
affine frame symmetries for any 4-dimensional (4D) Riemann-Cartan geometry with non-zero
torsion is at most seven-dimensional.
The outline of the paper is as follows. In section II, we briefly review the formulation of
covariant f(T ) teleparallel gravity. In section III we introduce the Cartan-Karlhede (CK)
algorithm adapted to teleparallel geometries, discuss the concept of an affine frame symmetry
and use affine frame symmetries to determine the symmetry group of a teleparallel geometry.
In section IV, we classify the irreducible parts of the torsion tensor using the alignment
classification and identify the linear isotropy group of the torsion tensor. We also present a
rank four tensor whose trace appears in the field equations of TEGR. Using this classification
we determine the largest group of symmetries for a Riemann-Cartan space admitting non-
zero torsion and the highest iteration of the Cartan-Karlhede algorithm needed to classify
teleparallel geometries. In section V we illustrate the algorithm by applying it to six well-
known examples. In section VI we summarize our results and discuss future work.
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A. Notation
As in GR, the formulation of teleparallel theories of gravity requires similar notation. We
will denote the coordinate indices by µ, ν, . . . and the tangent space indices by a, b, . . .. Unless
otherwise indicated the spacetime coordinates will be xµ. The frame fields are denoted as
ha and the dual coframe one-forms are h
a. The vielbein components are h µa or h
a
µ. For a
given anholonomic coframe, ha, the structure coefficients or coefficients of anholonomy are
Ccab. The spacetime metric will be denoted as gµν while the Minkowski tangent space metric
is ηab. We will denote the fully anti-symmetric Levi-Civita symbol as ǫabcd with ǫ1234 = 1.
To denote a local Lorentz transformation leaving ηab unchanged, we write Λ
b
a (x
µ). The
spin-connection one-form ωab, is designated by ω
a
b = ω
a
bch
c. The curvature and torsion
tensors will be denoted, respectively, as Rabcd and T
a
bc, in addition we will work with the
torsion two-form, Ta = 1
2
T abch
b ∧ hc. The irreducible parts of the torsion tensor: the
vector part, the axial part and the purely tensorial part will be denoted as V a, Aa and t(ab)c,
respectively.
Covariant derivatives with respect to a Levi-Civita connection will be denoted using a
semi-colon, Tabc;e1. A vertical bar will denote covariant differentiation with respect to the
spin-connection, Tabc|e1 or as De1Tabc. We will also write Dµ = h
a
µDa.
We will denote the set of components of the torsion tensor and its covariant derivatives
up to q-th order as T q = {tabc, tabc|e1, . . .abc|e1...eq}, in addition we write T = T p for the entire
set of Cartan invariants needed to classify a teleparallel geometry, where the final iteration
is q = p. The number of functionally independent components of the torsion tensor and its
covariant derivatives up to order q will be recorded by tq. The linear isotropy group of the
q-th covariant derivative of the torsion tensor will be denoted as Hq.
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II. A BRIEF REVIEW OF TELEPARALLEL GRAVITY
As with GR and its modifications, there are many possible generalized teleparallel gravity
theories [16], but we will focus on the well-studied f(T ) theories. LetM be a 4D differentiable
manifold M with coordinates xµ. Due to the differentiability of M , there exists a non-
degenerate coframe field ha which is defined on a subset U ⊂ M . To achieve a notion of
geometry (lengths and angles) we also assume the existence of a symmetric metric field on
M , with coordinates gab with respect to this coframe field. Further, in order to compare
quantities at different points or equivalently to define a covariant differentiation process, we
require a notion of parallel transport, and assume the existence of a linear affine connection
one form ωab. In general, the geometrical quantities gab,h
a,ωab are independent and have 10,
16, and 64 independent elements respectively. It is only when we begin to make additional
assumptions that various constraints and relationships between gab,h
a,ωab become apparent.
A. Gauge choices
We will assume the (Principle of Relativity) and the consequent covariance of the field
equations under local GL(4,R) gauge transformations. We take advantage of this gauge
freedom of local linear transformations in the tangent space to judiciously simplify aspects of
the calculations. The Orthonormal gauge is a gauge choice that diagonalizes the tangent
space metric gab = ηab = Diag[−1, 1, 1, 1] and since gab is symmetric this is always possible.
A useful alternative is the Null Gauge in which the tangent space metric becomes,
gab =


0 −1 0 0
−1 0 0 0
0 0 1 0
0 0 0 1


.
Further, one can also use the Complex Null Gauge in which case,
gab =


0 −1 0 0
−1 0 0 0
0 0 0 1
0 0 1 0


.
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There still exists a O(1, 3) subgroup of GL(4,R) of residual gauge transformations of the
coframe that leaves the metric gab = ηab invariant. Since one typically also wants to preserve
the orientation of space and the direction of time, one further restricts this subgroup of
allowable transformations to be the proper ortho-chronous Lorentz subgroup, SO(1, 3) of
O(1, 3). We shall denote these Lorentz transformations of the coframe as:
ha → Λabh′b.
Hence, if one chooses the orthonormal gauge, then the resulting field equations must
transform homogeneously under any remaining gauge freedom, in this case SO(1, 3) Lorentz
transformations. Since the metric is completely fixed in this gauge, only the coframe and
spin-connection are independent dynamical variables yielding 16+64=80 independent ele-
ments albeit with a remaining 6 dimensional SO(1, 3) gauge freedom.
With the additional assumption that the spin-connection be metric compatible, i.e.,
Qabc ≡ −Dcgab = 0, the spin-connection becomes anti-symmetric, ω(ab) = 0. Due to the
algebraic nature of this constraint, it can be implemented easily without loss of generality.
The fundamental variables remaining are the 16 elements of the coframe ha and the 24 ele-
ments of the anti-symmetric spin-connection ωab. The torsion and the curvature associated
with the coframe and spin-connection are
T aµν = ∂µh
a
ν − ∂νhaµ + ωabµhbν − ωabνhbµ, (5)
Rabµν = ∂µω
a
bν − ∂νωabµ + ωacµωcbν − ωacνωcbµ. (6)
B. The torsion scalar and the gravitational Lagrangian
To derive the field equations for teleparallel gravity, we will consider a Lagrangian for
f(T ) teleparallel gravity where the scalar quantity, T , is defined as
T =
1
4
T ρµν T
µν
ρ +
1
2
T ρµν T
νµ
ρ − T ρµρ T νµν . (7)
The scalar T can be written more compactly using the super-potential, Saµν , expressed in
terms of the torsion tensor
S µνa =
1
2
(
T µνa + T
νµ
a − T µνa
)− h νa T ρµρ + h µa T ρνρ, (8)
9
so that:
T =
1
2
T aµνS
µν
a . (9)
The structure of the gravitational Lagrangian for f(T ) teleparallel gravity theories is then
LGrav(h
a
µ, ω
a
bµ) =
h
2κ
f(T ). (10)
where h is the determinant of the vielbein matrix haµ. Since we must account for the non-
trivial transformational properties of the spin-connection, we compute all variations of the
action and include a non-trivial spin-connection [17].
C. Matter Lagrangian and the canonical energy momentum
To describe non-vacuum teleparallel gravity solutions, we will include a matter Lagrangian
to supplement the teleparallel Lagrangian. Assuming that the matter field Φ is spinless and
minimally coupled to gravity, the matter Lagrangian LMatt will be a function of the tetrad
field haµ, the matter field Φ and its covariant derivatives, DνΦ,
LMatt = LMatt(h
a
µ,Φ, DνΦ). (11)
We define the canonical energy momentum as,
hΘ µa = −
δLMatt
δhaµ
. (12)
D. Lagrangian formulation of f(T ) teleparallel gravity
The field equations are calculated by varying the action:
S =
∫
d4x
(
LGrav(h
a
µ, ω
a
bµ) + LMatt(h
a
µ,Φ, DνΦ)
)
. (13)
If we consider the spin-connection as an independent quantity having zero curvature, then
the gravitational Lagrangian is of the form:
LGrav(h
a
µ, ω
a
bµ, ν
bµν
a ) =
h
2κ
f(T ) + ν bµνa R
a
bµν , (14)
the Lagrange multiplier has been introduced to address the condition of the connection with
zero curvature, which is anti-symmetric in the last two indices
ν b(µν)a = 0, (15)
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The variation of (13) with respect to Φ, ν bµνa , h
a
µ, and ω
a
bµ yield:
0 =
δLMatt(h
a
µ,Φ, DνΦ)
δΦ
, (16)
0 = ∂µω
a
bν − ∂νωabµ + ωaeµωebν − ωaeνωebµ, (17)
κΘ µa = h
−1fT (T )∂v (hS µνa ) + fTT (T )S
µν
a ∂vT
+
1
2
f(T )h µa − fT (T )T baνS µνb − fT (T )ωbaνS µνb , (18)
0 = 2κh−1(Dνν bµνa ) + fT (T )h
b
νS
µν
a . (19)
These equations determine the spin-connection, the coframe and the Lagrange multipliers,
up to some gauge transformations. We shall regard the f(T ) theory as being defined by the
resulting field equations which are Lorentz covariant.
1. Interpretation of the field equations
Equations (19) are an underdetermined set of equations for the Lagrange multipliers, and
hence determines a subset of these. These equations are not required to determine the actual
dynamics of the coframe. It is equation (18) which yields the field equations for determining
the coframe via E ba = κhΘ
b
a , where we define the right-hand side of equation (18) as E
µ
a
and define Eab = gbch
c
µE
µ
a
The vanishing of the non-metricity Qabc = −Dcgab = 0 imposes the constraint that the
connection one-form is anti-symmetric, ωab = −ωba; we will implicitly assume this hereafter.
The condition that Rabcd = 0 imposes a second differential constraint on the spin-connection
and implies that the most general solution to equation (17) is of the form:
ωabµ = Λ
a
c∂µΛ
c
b (20)
where Λab is some yet undetermined Lorentz transformation.
There is a third constraint on ωab arising from (18), in addition to determining the
coframe. Imposing invariance under infinitesimal Lorentz transformations, the matter La-
grangian now requires that
Θ[ab] = 0,
so that the canonical energy momentum is symmetric. Furthermore, this connects the
metrical energy momentum Tab and the canonical energy momentum:
Tab = −1
2
δLMatt
δgab
= Θ(ab).
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We can separate equations (18) into it symmetric and anti-symmetric parts. This sym-
metric, anti-symmetric and matter field equations describing f(T ) gravity are
κΘ(ab) = fTT (T )S
ν
(ab) ∂vT + fT (T )
◦
Gab +
1
2
gab (f(T )− TfT (T )) , (21)
0 = fTT (T )S
ν
[ab] ∂vT, (22)
0 =
δLMatt(h
a
µ,Φ, DνΦ)
δΦ
. (23)
where
◦
Gab =
◦
Gµνh
µ
a h
ν
b where
◦
Gµν is the Einstein tensor associated with the spacetime
metric gµν = ηabh
a
µh
b
ν .
For f(T ) 6= T , it can be shown that the variation of the gravitational Lagrangian by
the flat spin-connection is equivalent to the anti-symmetric part of the field equations in
equation (22). This provides the third condition on ωab and thus if the field equations for
the spin-connection are satisfied then the field equations for the coframe are guaranteed to
be symmetric [23]. This motivates the search for an appropriate connection.
E. The choice of the spin-connection
The selection of the spin-connection within the covariant formulation of the f(T ) theory
complicates the search for solutions to the field equations. In the case of TEGR, where
f(T ) = T , equation (22) vanishes. For TEGR, any initial ansatz for the coframe haµ will
contain effects due to both inertia and gravitation. Separating the gravitational effects
from the inertial effects, for a given haµ we will suppose e
a
µ denotes the frame where only
the inertial effects are present and the gravitational effects are zero [15]. We can then use
this inertial frame to determine the spin-connection ωabµ which encodes the inertial effects
present in the coframe, since the torsion and curvature of the inertial coframe and associated
spin-connection satisfy
T aµν [e
a
ρ, ω
a
bµ] = 0, R
a
bµν [e
a
ρ, ω
a
bµ] = 0. (24)
So for the inertial coframe, eaµ, we must determine the conditions under which this yields
a trivial torsion tensor. The torsion tensor of an inertial coframe can be written in terms of
the coefficients of anholonomy, Cabc, arising from the Lie bracket of the frame basis e
a
µ and
the spin-connection, ωabc:
T abc[e
a
µ, ω
a
bµ] = C
a
bc[e
a
µ] + ω
a
cb − ωabc = 0, (25)
12
We can use different combinations of indices to solve for ωabµ:
ωabµ =
1
2
ecµ
(
C ab c[e
a
µ] + C
a
c b[e
a
µ]− Cabc[eaµ]
)
. (26)
The above spin-connection is always a valid connection to use for TEGR and can be used
for more general f(T ) theories [24]. However, we still have the challenge of selecting the
frame eaµ which contains only the inertial effects.
F. The covariant form of the f(T ) field equations
Starting from equation (21), the f(T ) field equations can be restated purely in a frame
basis:
Dc(fTS
bc
a ) + fT [S
bc
a T
d
cd +
1
2
S cda T
b
cd + S
bc
d T
d
ca] +
1
2
δ ba f(T ) = κΘ
b
a (27)
We can define an associated rank four tensor as
F bdac = Dc(fTS
bd
a ) + fT [S
bd
a T
e
ce −
1
2
S e[ba T
d]
ce + S
bd
e T
e
ca] +
1
6
δ [ba δ
d]
c f(T ) (28)
the field equations now occur as a contraction of F cdab . We can classify F
bd
ab ≡ F da = κhΘ da
to distinguish between f(T ) solutions.
As F bdac satisfies F
(cd)
ab = 0 there are only three traces:
E ba = F
bc
ac , H
b
a = F
bc
ca and I
ab = F abcd g
cd = F c abc . (29)
Furthermore this rank four tensor has only one complete trace since
E aa = E, H
a
a = −E aa = −E and Iaa = 0. (30)
In a similar manner, we can classify the irreducible parts of F bcad itself and this poten-
tially can give insight into the physical interpretation of f(T ) solutions. For example, since
the trace, Θ ba = (κh)
−1F ba , is involved in the field equations and is associated with the
energy-momentum tensor, one could consider the completely trace-free object with all in-
dices lowered:
C¯abcd ≡ Fabcd + 2Xa[cgd]b + 2Yb[cgd]a + gabZ[cd] − E
12
(gacgbd − gadgbc), (31)
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where
Xab = −3
8
Eab +
1
8
Hab − 1
24
E[ab] − 1
24
H[ab] − 1
12
Iab +
E
8
gab,
Yab = −3
8
Hab +
1
8
Eab − 1
24
E[ab] − 1
24
H[ab] − 1
12
Iab − E
8
gab
Z[ab] = −1
6
E[ab] − 1
6
H[ab] − 1
3
Iab.
(32)
This tensor can be treated as an analogue of the Weyl tensor (it is of interest to determine if
this describes a similar aspect of the gravitational field). The manifold can now be classified
via the algebraic classification (e.g., alignment classification) of Θ ba and C¯
cd
ab , in analogy
with the Ricci and Weyl tensor in the Riemannian case.
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III. THE EQUIVALENCE PROBLEM FOR TELEPARALLEL GEOMETRIES
To determine the equivalence of two teleparallel geometries,, we must consider the Lorentz
frame bundle of orthonormal frames, F(M). We will raise the coframe basis, {ha} on M
to F(M) and denote it as {h˜a}. Then, in a similar manner to the coframe, we can raise
the spin-connection ωabc to act as a connection on the frame manifold, ω˜
a
bc, and define the
connection one-forms as:
ω˜
a
b = ω˜
a
bch˜
c.
For F(M) there exists a uniquely defined basis of the cotangent space of F(M), {h˜a, ω˜ab},
since the cotangent space can be decomposed into the direct sum of the 4D horizontal
subspace, spanned by the canonical one-forms {h˜a}, and the 6-dimensional vertical subspace,
spanned by the linear connection one-forms {ω˜ab} defined on F(M) [25]. The definition of
equivalence can be restated in the framework of the frame bundle manifold: M and M ′ are
the same if and only if their corresponding frame bundles are the same [21, 26, 27].
Thus, M and M ′ are locally equivalent when there is a diffeomorphism, F , from F(M)
onto F ′(M ′) such that the pullback satisfies:
F ∗h˜
′a = h˜a and F ∗ω˜
′a
b = ω˜
a
b. (33)
For metric-based theories the first condition is sufficient to determine the equivalence of
M and M ′ as the connection is computed in terms of haµ and their coordinate derivatives.
However, for theories where the connection is not metric compatible or symmetric, the
second condition is necessary to ensure that the connection is invariant under a pullback as
well.
With this new manifold, the solution to the equivalence problem can be obtained using
Cartan’s result on the equivalence of one-forms with regard to the set {h˜a, ω˜ab}. However,
we would like to work with quantities on M , we will use Cartan’s structure equations for a
general connection:
dh˜a = −ω˜ab ∧ h˜b +
1
2
T abch˜
b ∧ h˜c,
dω˜ab = −ω˜ac ∧ ω˜cb +
1
2
Rabcdh˜
c ∧ h˜d,
(34)
where T abc and R
a
bcd denote the torsion tensor and curvature tensor, respectively, to deter-
mine scalars that can be used on M . For those connections where ω˜ab leads to vanishing
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curvature, this shows that the torsion tensor can be used to compare the two frame bundles.
Applying the exterior derivative to the components of the torsion two-form T a = 1
2
T abch˜
b∧h˜c
on F(M) lead to quantities involving the covariant derivative of the torsion tensor:
dT abc = T
a
bc|dh
d − T dbcω˜ad + T adcω˜db + T abdω˜dc. (35)
Solving for T abc|d and applying the exterior derivative to the components yields expressions
in terms of the second order covariant derivatives of the torsion tensor. This procedure can
be repeated for higher order derivatives of the torsion tensor. Therefore, we can determine
the equivalence of M and M ′ by considering the covariant derivatives of the torsion tensor
when viewed as functions on F(M) and F ′(M ′), respectively. We note that for a general
Riemann-Cartan geometry, Rabcd, Tabc and their covariant derivatives can always be isolated
using the identities in (34) [21].
We will denote the components of the torsion tensor and its covariant derivatives up to
order q for a manifold M relative to a chosen orthonormal frame on M as T q. If there are
k elements in a maximal set of functionally independent invariants on F(M), we will index
such invariants as Iα, α = 1, . . . , k and we will call the set of indices of the corresponding
T abc their index basis and denote this set as A.
Employing the frame bundle perspective, by denoting p as the last derivative at which
a new functionally independent quantity arises in T p we have the following theorem for
comparing teleparallel geometries when n = 4 [21]:
Theorem III.1. Let M and M ′ be spacetimes of differentiability C12, x be a regular point
of M , ha be a frame at xµ and ωab be a spin-connection at x
µ, and similarly ω
′a
b at x
′µ
for M ′. There is a diffeomorphism which maps (xµ,ha,ωab) to (x
′µ,h′a,ω
′a
b) if and only if
T p+1 for M is such that
1. A indexes I ′α which are functionally independent in F ′(M ′),
2. Iα(xµ,h,ωab) = I
′α(x′µ,h′,ω
′a
b) for α = 1, . . . , k and
3. All other components of T p+1 and T ′p+1 expressed in terms of the Iα and I ′α, respec-
tively, are the same for M and M ′.
We will consider a specialized version of the algorithm proposed for Riemann-Cartan
spacetimes [21] which has been implemented in CLASSI [26]. This has been previously ap-
plied to non-covariant teleparallel gravity [28]. The pure tetrad teleparallel gravity condition
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leads to a significantly restricted equivalence algorithm for these torsion theories as the only
permitted Lorentz transformations are those with constant parameters, the so-called global
Lorentz transformations.
A. The modified Cartan-Karlhede algorithm for torsion
Again, using T q to denote the set of components of the torsion tensor and its the deriva-
tives of the torsion tensor up to the qth order, i.e., T q ≡ {Tabc, Tabc|d1 , . . . Tabc|e1...eq}, then
for any teleparallel geometry the Cartan-Karlhede algorithm is then:
1. Set the order of differentiation q to 0.
2. Calculate T q.
3. Determine the canonical form of the q-th covariant derivative of the torsion tensor.
4. Fix the frame as much as possible, using this canonical form, and record the remaining
frame transformations that preserve this canonical form (the group of allowed frame
transformations is the linear isotropy group Hq). The dimension ofHq is the dimension
of the remaining vertical freedom of the frame bundle.
5. Find the number tq of independent functions of spacetime position in T q in the canon-
ical form. This tells us the remaining horizontal freedom.
6. If the dimension of Hq and number of independent functions are the same as in the
previous step, let p+ 1 = q, and the algorithm terminates; if they differ (or if q = 0),
increase q by 1 and go to step 2.
The resulting non-zero components of T p constitute the Cartan invariants and we will denote
them as T ≡ T p+1 so that
T = {Tabc, Tabc|d1 , . . . Tabc|d1...dp+1}. (36)
We will refer to the invariants constructed from, or equal to, Cartan invariants of any order
as extended Cartan invariants. We have not specified the form of the invariant frame used
in the algorithm. We will discuss how the frame can be fixed invariantly at zeroth and first
order in the next section.
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For sufficiently smooth frames and spin-connection, the result of the algorithm is a set of
scalars providing a unique local geometric characterization of the teleparallel geometry. The
4D spacetime is characterized by the canonical form used, the two discrete sequences arising
from the successive linear isotropy groups and the independent function counts, and the
values of the (non-zero) Cartan invariants. As there are tp essential spacetime coordinates,
the remaining 4 − tp are ignorable, and so the dimension of the affine frame symmetry
isotropy group (hereafter called the isotropy group) of the spacetime will be s = dim(Hp)
and the affine frame symmetry group has dimension:
r = s+ 4− tp. (37)
B. Scalar polynomial torsion invariants
As in metric based theories, there is an alternative set of invariants that are available
from the torsion tensor and its covariant derivatives. These invariants are called the scalar
polynomial (torsion) invariants (SPIs) and are constructed from full contractions of tensors
built out of copies of the torsion tensor and its covariant derivatives with respect to the
spin-connection. An example of an SPI is the torsion scalar T . We will denote the set of
such SPIs as IT . While this set is functionally infinite, there is a finite dimensional basis of
SPIs. It is a question of interest as to how the set IT is related to the set of SPIs formed
from the curvature tensor and its covariant derivatives, IR [29].
As a generalization of f(T ) theories, we can consider new gravitational Lagrangians
constructed by including other SPIs:
LGrav(haµ, ωabµ) =
h
2κ
f(T, T1, T2, . . . Tn), Ti ∈ IT , i ∈ [1, n]. (38)
By including a matter Lagrangian and varying the resulting action, we can generate new
teleparallel gravity theories that are distinct from the f(T ) theories.
A natural question to ask is whether the SPIs are able to uniquely characterize teleparallel
geometries, or if there are cases where the SPIs are unable to distinguish between teleparallel
geometries. For example, it is possible that there are teleparallel geometries where all SPIs
vanish, and hence have the VSI property [30]. For such VSI torsion geometries, it would
be impossible to distinguish them from Minkowski space with SPIs. A related question is
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when Cartan invariants are uniquely related to SPIs [31] and when the frame bundle can be
completely characterized by SPIs. See the PPGW example later in the paper.
C. Affine frame symmetries
1. Affine frame symmetries in general relativity
To clarify the formula for the dimension of group of affine frame symmetries, we will
briefly review a well-known result of Killing vectors in GR. We will also assume that the
isotropy group of M is trivial. If a vector field X satisfies
LXgab = 0, (39)
then since the Levi-Civita connection is expressed in terms of the metric and its coordinate
derivatives, the “Lie derivative of the connection” will vanish automatically, implying that
they are affine collineations as well [21]. The Lie derivative of the curvature tensor and its
covariant derivatives with respect to X will also vanish:
LXRabcd = 0,
LXRabcd;e1...eq = 0, q ∈ [1, p].
(40)
If instead we assume that equation (40) is satisfied for a vector field X, then relative to
the invariant coframe determined by the Cartan-Karlhede algorithm, ha, a set of linearly in-
dependent vector fields satisfy (40). It follows that any invariant, I ∈ R must be annihilated
under frame differentiation, i.e., X[I] = 0. This implies that there exists a set of Killing
vector fields, K for which X′ ∈ K coincides with X at any point [32, 33]. Furthermore, if
(40) holds for a given vector field X, then using rectifying coordinates for X requires that
LXha = 0. (41)
As the Levi-Civita connection is expressed in terms of haµ and their derivatives, it follows
that the Levi-Civita connection relative to the frame basis will be annihilated under Lie
differentiation so that (3) is satisfied and the vector field X is an affine frame symmetry.
2. Affine frames symmetries in teleparallel geometries
To determine the equivalence of the respective frame bundles of the two teleparallel
geometries, we will compare the set T in equation (36) for each. If we are interested in
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diffeomorphisms, Φ, from the manifold to itself that preserves the form of the metric g =
ηabh
ahb along with the associated structure of the frame bundle F(M), then we must consider
the mappings acting on the uniquely defined linearly independent basis of the cotangent
space of F(M), {h˜a, ω˜ab} so that
Φ∗h˜a = h˜a and Φ∗ω˜ab = ω˜
a
b. (42)
Equivalently, we can determine the set of infinitesimal generators, X,
LXh˜a = LXω˜ab = 0. (43)
As the torsion tensor and its covariant derivatives are expressed in terms of the frame and
the connection then the Lie derivative of X satisfies:
LXTabc|e1...eq = 0, q ∈ [1, p] (44)
which motivates the definition of an affine frame symmetry.
D. Symmetries in flat geometries with torsion
We have generated a set of invariants that characterize a teleparallel geometry, determined
the isotropy group and have fixed the frame as much as possible using the torsion tensor
and its covariant derivatives. From the number of functionally independent invariants we
can determine the number of diffeomorphisms of the manifold which preserves the form of
the torsion tensor and its covariant derivatives in analogy with the isometries of a metric in
GR which preserves the form of the Riemann tensor and its covariant derivatives.
When the equivalence algorithm results in a frame where all frame freedom is fixed, the
linear isotropy group is trivial and the coframe is called an invariant coframe. An invariant
coframe allows us to determine the affine frame symmetries. For example, if Φ is an affine
frame symmetry and {ha} is an invariant coframe then,
Φ∗ha = ha.
which implies that the infinitesimal generator, X, of Φ must satisfy
LXha = 0. (45)
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If the solution admits a non-trivial isotropy group, we are able to prolong the manifold
[20] to produce a larger manifold and determine an invariant coframe. This is achieved by
appending the parameters of the remaining Lorentz frame transformations that constitute
the isotropy group of dimension s = dim(Hp), and using the Maurer-Cartan one-forms for
each of the frame transformation infinitesimal generators we find the frame basis for the new
manifold satisfies [20]:
LXhA = 0, A ∈ [1, n+ s]. (46)
Instead of prolongation we can continue to work with the original manifold. The effect of a
pullback of a diffeomorphism is equivalent to the action of the Lorentz frame transformation
subgroup Hp acting on the frame:
Φ∗ha = Λabh
b, Λ ∈ Hp.
the metric is insensitive to this fact since,
Φ∗ηabh
ahb = ηabh
ahb (47)
and so the Lie derivative of the metric yields the Killing equations, LXgab = 0. The metric
does not detect the remaining linear isotropy; however, we can use the Killing equations to
determine the set of potential affine frame symmetries.
To determine those Killing vector fields which preserve the structure of the geometry we
must return to the frame bundle, F(M) and the uniquely defined basis of the cotangent
space, {h˜a, ω˜ab}. For this basis, the induced action of Φ on F(M) satisfies (33) and the
infinitesimal generator of Φ, X satisfies
LXω˜ab = 0. (48)
While this condition on the connection one-form is originally defined on the frame bundle,
we can project it down to the original manifold, so that [21, 27]:
LXωab = 0. (49)
where ωab is defined in terms of the frame determined from the algorithm.
From these observations we can now provide definite criteria to determine affine frame
symmetries for a teleparallel geometry:
21
Proposition III.2. For any solution of teleparallel gravity, an affine frame symmetry is a
Killing vector field, X, (i.e., LXg = 0) that also annihilates the spin-connection relative to
the frame determined by the Cartan-Karlhede algorithm:
LXωabc = 0.
We conclude this section with a simple proof to show that there are no teleparallel
geometries which admit SO(1, 3) as an isotropy group except Minkowski space, this confirms
and extends the result of [22].
Theorem III.3. There are no teleparallel geometries admitting a maximal group of affine
frame symmetries other than Minkowski space.
Proof. In order to obtain a ten dimensional isometry group for a teleparallel geometry, the
discrete sequences must be
{tp} = {0, 0}, {dim Hp} = {6, 6}
Then the group of affine frame symmetries is
r = s+D − tp = 6 + 4− 0 = 10
To attain the sequence for {tp}, the components of the torsion tensor must be constant,
which is permissible. However, the second condition can only occur when the axial, vector
and purely tensorial parts of torsion vanish. Hence, the space must have vanishing torsion
and curvature.
In subsection IVC we will show that the existence of a non-zero torsion tensor restricts
the maximum dimension of the group of affine frame symmetries in any Riemann-Cartan
geometry.
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IV. CLASSIFICATION OF THE TORSION TENSOR AND ITS COVARIANT
DERIVATIVES
Unlike the classification of the Ricci and Weyl tensor in metric-based theories, we cannot
treat the torsion tensor as an operator to determine its eigenvalues and eigenbasis. In
principle, the alignment classification can be applied to the torsion tensor [34–36]. However,
the alignment classification is not fine enough to distinguish between important inequivalent
torsion tensors; for example, it is insensitive to the linear isotropy groups of the torsion
tensor.
In order to classify the torsion tensor and determine the linear isotropy group of this
tensor, we propose the following two part approach. We will first classify the linear isotropy
group of the irreducible parts of the torsion tensor. In each case we will provide a canon-
ical form of the irreducible parts of the torsion tensor and indicate the group of Lorentz
transformations that can still be used [37]. Once this has been done, we will then apply the
alignment classification to distinguish between subcases. As such the classification of the
torsion tensor will be labelled by the isotropy group and then by its alignment type.
A. Irreducible parts of the torsion tensor
The torsion two-form, T a, can be expanded as
T a =
1
2
T abc h
b ∧ hc (50)
with 24 independent components. Under the global Lorentz group, the torsion tensor can
be decomposed into three irreducible parts [38]:
Tabc =
2
3
(tabc − tacb)− 1
3
(gabVc − gacVb) + ǫabcdAd. (51)
Here V denotes the vector part which is the trace of the torsion tensor:
Va = T
b
ba, (52)
Lowering the index of the torsion tensor and applying the Hodge dual of the resulting tensor
gives the axial part, A:
Aa =
1
6
ǫabcdTbcd. (53)
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Finally, we can construct the purely tensorial part, t:
t(ab)c =
1
2
(Tabc + Tbac)− 1
6
(gcaVb + gcbVa) +
1
3
gabVc. (54)
We will call each of these tensors the vector part , axial part , and tensor part of the torsion
tensor. The tensor part satisfies the following identities:
gabt(ab)c = 0, t(ab)c = t(ba)c, t(ab)c + t(bc)a + t(ca)b = 0. (55)
A simple counting argument shows that the tensor part of the torsion will have 16 alge-
braically independent components. Including the components of the vector part and axial
part, this gives 24 components for the torsion tensor.
Working with a complex null frame {ha} = {n, ℓ,m, m¯} from the orthonormal frame
{h˜a} = {u,x,y, z} through the transformation
n =
1√
2
(u+ x), ℓ =
1√
2
(u− x), m¯ = 1√
2
(y + iz), m =
1√
2
(y − iz), (56)
we can choose a basis of algebraically independent components:
t(12)1, t(13)1, t(14)1, t(22)1, t(23)1, t(24)1, t(33)1, t(44)1,
t(13)2, t(14)2, t(23)2, t(24)2, t(33)2, t(44)2, t(14)3, t(24)3,
(57)
while the remaining components have the following algebraic dependencies from the trace-
free and cyclic identities, respectively:
t(34)1 = t(12)1, t(34)2 = t(12)2, t(34)3 = t(12)3, t(34)4 = t(12)4, (58)
and
t(11)2 = −t(12)1, t(11)3 = −t(13)1, t(11)4 = −t(14)1, t(12)2 = −t(22)1,
t(13)3 = −t(33)1, t(14)4 = −t(44)1, t(22)3 = −t(23)2, t(23)3 = −t(33)2,
t(22)4 = −t(24)2, t(24)4 = −t(44)2, t(33)4 = −t(12)3, t(12)4 = −t(44)3,
t(12)3 = −t(23)1 − t(13)2, t(44)3 = t(24)1 + t(14)2,
t(13)4 = −t(12)1 − t(14)3, t(23)4 = t(22)1 − t(24)3,
t(11)1 = 0, t(22)2 = 0, t(33)3 = 0, t(44)4 = 0.
(59)
We emphasize that the above relationship between the components of the purely tensorial
part of the torsion tensor has been presented in an arbitrary complex-null frame.
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B. Permitted linear isotropy groups of the vector and axial parts of torsion
The axial part, A, and vector part, V, of the torsion tensor can readily be classified using
their magnitude and direction. When these vector fields are non-vanishing, it is natural to
adapt the frame to them. Even in the case that A = V, we can adapt the frame depending
on whether V is timelike or spacelike by choosing, respectively,
h˜
1
= V/
√
−|V|2 if |V|2 < 0 or h˜2 = V/
√
|V|2 if |V|2 > 0, (60)
while if |V|2 = 0 we can choose V to be an element of a null frame basis.
1. A = aV , a ∈ R
(a) |V| < 0: The frame can be adapted so that V = vh˜1, v ∈ R. The linear isotropy
group is SO(3).
(b) |V| = 0: The frame can be adapted so that V = v(h˜1− h˜2) = √2vℓ, v ∈ R. The
linear isotropy group is E(2), and boosts can be used to set v = 1.
(c) |V| > 0: The frame can be adapted so that V = vh˜2, v ∈ R. The linear isotropy
group is SO(1, 2).
2. A 6= aV
Denoting A′ ∈ span(V)⊥,
(a) |V| < 0 and |A′| > 0: Adapt the frame so that
V = vh˜
1
, A = a1h˜
1
+ a2h˜
2
. (61)
The remaining frame freedom consists of rotations about h˜
2
.
(b) |V| = 0 and |A′| < 0
V = v(h˜
1 − h˜2), A = a1(h˜1 − h˜2) + a2h˜1. (62)
The remaining frame freedom consists of 1D null rotations about V.
(c) |V| = 0 and |A′| = 0
V = v(h˜
1 − h˜2), A = a1(h˜1 − h˜2) + a2(h˜1 + h˜2). (63)
The remaining freedom consists of rotations in the h˜
3
- h˜
4
plane.
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(d) |V| = 0 and |A′| > 0
V = v(h˜
1 − h˜2), A = a1(h˜1 − h˜2) + a2h˜3. (64)
The remaining freedom consists of 1D null rotations about V.
(e) |V| > 0 and |A′| < 0: Adapt the frame so that
V = vh˜
2
, A = a1h˜
2
+ a2h˜
1
. (65)
The remaining frame freedom consists of rotations about h˜
2
.
(f) |V| > 0 and |A′| = 0: Adapt the frame so that
V = vh˜
2
, A = a1h˜
2
+ a2(h˜
1 − h˜3). (66)
The remaining frame freedom consists of one-dimensional (1D) null rotations
about A′.
(g) |V| > 0 and |A′| > 0: Adapt the frame so that
V = vh˜
2
, A = a1h˜
2
+ a2h˜
3
. (67)
The remaining frame freedom consists of boosts in the h˜
1
- h˜
4
plane.
C. Permitted linear isotropy groups of the purely tensorial part of torsion
The remaining linear isotropy at zeroth order is determined by the tensor part of the
torsion. Using the infinitesimal generators of the Lorentz frame transformation group and
knowledge of all permitted subgroups [37, 39] it is possible to determine canonical forms for
the tensor-part of the torsion. Due to the decomposition of the torsion tensor (51), we will
consider the anti-symmetrized tensor:
Tˆabc =
2
3
(t(ab)c − t(ac)b) (68)
and relate the linear isotropy group of Tˆabc to the non-zero components of t(ab)c. To describe
the canonical form of t(ab)c, we list the non-zero components for each of the permitted one
dimensional (1D), 2D or 3D linear isotropy groups. The canonical forms listed here allow
for a particular choice of the frame determined by the linear isotropy group of the torsion
tensor.
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• 1D linear boost isotropy group:
The canonical form of the torsion tensor invariant under transformations of the form,
ℓ
′ = D2ℓ, n′ = D−2n,m′ =m, D,∈ R, (69)
has the following non-zero components:
t(23)1, t(24)1, t(13)2, t(14)2. (70)
Null rotations about ℓ and n are excluded as they will change the form of the canonical
form. Spatial rotations can be used to while spins are permitted to set one of the
non-zero components to equal another. For example, a spin can be applied to set
t(14)2 = t(13)2.
• 1D linear spin isotropy group:
The canonical form of the torsion tensor invariant under transformations of the form,
ℓ
′ = ℓ, n′ = n,m′ = eiθm, θ ∈ R, (71)
has the following non-zero components
t(12)1, t(14)3, t(22)1, t(24)3, t(22)1. (72)
In this case, null rotations about ℓ and n are excluded, while boosts are permitted to
set one of the non-zero components to some non-zero constant. For example, a boost
can lead to t(12)1 = 1.
• 1D linear null rotation isotropy group:
The canonical form of the torsion tensor invariant under null rotations about ℓ,
ℓ
′ = ℓ, n′ = n+B +m+Bm¯+B2ℓ,m′ = m+Bℓ, B ∈ R, (73)
has non-zero components:
t(22)1, t(33)2 = t(22)1 + t(24)3, t(44)2 = 2t(22)1 − t(24)3, t(24)3, t(23)2. (74)
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As null rotations about n and null rotations about ℓ with a purely complex parameter,
iB,B ∈ R, affect the form of the torsion tensor, they are excluded. Boost and spins
can be used to set some components to constant or equal other components. For
example, t(22)1 = 1 and t(14)2 = t(13)2.
• 2D linear null rotation isotropy group:
The canonical form of the torsion tensor invariant under
ℓ
′ = ℓ, n′ = n+B +m+ B¯m¯+BB¯ℓ,m′ =m+Bℓ, B ∈ C, (75)
has non-zero components:
t(23)2, t(24)2. (76)
Null rotations about n affect the form of the torsion tensor and hence they are excluded.
Boost and spins can be used to set some components to constant or equal another component.
For example, t(23)2 = 1 and t(24)2 = 0.
D. Frame fixing and the alignment classification
Unlike the vector fields, the tensor part of the torsion is not easily classified; however, it
is possible to apply the alignment classification, using the effect on the tensor by a boost on
a chosen null coframe {n, ℓ,mi}, ℓ′ = λℓ, n′ = λ−1n. For an arbitrary tensor, T¯, of rank
n the components transform under a boost as
T¯ ′a1a2...an = λ
ba1a2...an T¯a1a2...an, ba1a2...an =
n∑
i=1
(δai1 − δai2), (77)
where δab denotes the Kronecker delta symbol. The quantity, ba1a2...an, is called the boost
weight (b.w.) of the frame component T¯a1a2...ap. The b.w. of each algebraically independent
component of t(ab)c and t(ab)c|d, defined relative to an arbitrary frame, are displayed in figure
1 and figure 2, respectively.
We define the boost order, BT¯(ℓ), as the maximum b.w. of a tensor, T¯, relative to a
particular null direction ℓ. We will consider an arbitrary tensor, T¯, with boost order at
most 2 for all choices of the null direction ℓ, such as the torsion tensor and any rank two
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b.w. Components
2 t(13)1, t(14)1
1 t(12)1, t(33)1, t(44)1t(14)3
0 t(23)1, t(24)1, t(13)2, t(14)2
−1 t(22)1, t(33)2, t(44)2, t(24)3
−2 t(23)2, t(24)2
(78)
FIG. 1. The b.w. values of the algebraically independent components of the purely tensorial part
of torsion in an arbitrary frame.
b.w. Components
3 t(13)1|1, t(14)1|1
2 t(13)1|3, t(13)1|4, t(14)1|3, t(14)1|4, t(12)1|1, t(33)1|1, t(44)1|1, t(14)3|1
1 t(13)1|2, t(14)1|2, t(12)1|3, t(12)1|4, t(33)1|3, t(33)1|4, t(44)1|3, t(44)1|4,
t(14)3|3, t(14)3|4, t(23)1|1, t(24)1|1, t(13)2|1, t(14)2|1
0 t(12)1|2, t(33)1|2, t(44)1|2, t(14)3|2, t(23)1|3, t(23)1|4, t(24)1|3, t(24)1|4,
t(13)2|3, t(13)2|4, t(14)2|3, t(14)2|4, t(22)1|1, t(33)2|1, t(44)2|1, t(24)3|1
−1 t(23)1|2, t(24)1|2, t(13)2|2, t(14)2|2, t(22)1|3, t(22)1|4, t(33)2|3, t(33)2|4,
t(44)2|3, t(44)2|4, t(24)3|3, t(24)3|4t(23)2|1, t(24)2|1
−2 t(22)1|2, t(33)2|2, t(44)2|2, t(24)3|2, t(23)2|3, t(23)2|4, t(24)2|3, t(24)2|4,
−3 t(23)2|2, t(24)2|2
(79)
FIG. 2. The b.w. values of the algebraically independent components of t(ab)c|d in an arbitrary
frame.
tensor. The tensor, T¯, can be broadly classified into five alignment types: G,I, II, III, and
N if there exists an ℓ such that BT¯(ℓ) = 1, 0,−1,−2 and we will say ℓ is T¯-aligned, while
if T vanishes, then it belongs to alignment type O. We will define the secondary alignment
type as the alignment classification of the remaining null direction n.
For higher rank tensors, like the covariant derivatives of the torsion tensor, the alignment
types are still applicable although it is possible that |BT¯(ℓ)| may be greater than two. In
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Riemannian geometry, any spacetime that cannot be characterized by the set I, known as
an I-degenerate spacetime, admits a null coframe such that all of the positive b.w. terms
of the curvature tensor and its covariant derivatives are zero in this common coframe; that
is, they are all of alignment type II [40].
1. Algorithmic approach to the choice of the invariant frame
To determine the invariant frame, we will first exploit the existence of the vector and
axial parts of the torsion, V and A, to potentially fix two of the frame basis elements. In
some of the possible cases for V and A there is some freedom in the choice of this frame.
In order to fix the frame in line with the alignment classification we will always choose the
frame that minimizes the alignment type of the resulting form of the torsion tensor.
Once the frame has been adapted to V and A as much as possible, the remaining frame
freedom is used to put the purely tensorial part of the torsion tensor, t(ab)c, into a canonical
form. If t(ab)c admits the same linear isotropy as V and A, then the associated canonical
form for t(ab)c can be realized in the same frame. Otherwise, we will use the canonical form
arising from the alignment classification.
We remind the reader that there are other frames that can be used. One notable example
is the proper frame in which the spin-connection is trivial, ωabc = 0. This frame is not
an invariant frame as defined above since it cannot generally be defined using tensorial
conditions.
2. Alignment classification of the trace and vector parts of torsion
By adapting the frame to the vector or axial parts of the torsion tensor, the alignment
classification of their contribution to the torsion tensor will be determined:
Tˆabc =
2
3
ga[bVc] + ǫabcdA
d (80)
We emphasize that this choice of frame will have no impact on the purely tensorial part,
t(ab)c, since it is an irreducible piece of the torsion tensor.
We note that in some cases when one of the invariant vectors is spacelike, we have the
choice of adapting the frame so that the resulting tensor, Tˆabc, will be either of type I and
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secondary type I or type II. While it appears to be advantageous to fix the frame to ensure
the type II property, we will include the other option for the sake of completeness.
1. A = aV , a ∈ R
(a) |V| < 0
Type I and secondary type I since V ∝ ℓ− n.
(b) |V| > 0:
• Type I and secondary type I by choosing V ∈ span(ℓ,n)
• Type II if V /∈ span(ℓ,n)
(c) |V| = 0:
Type III since V ∝ ℓ.
2. A 6= aV
In this case we are able to define an invariant two-plane by adapting V and A′ ∈
span(V)⊥, the orthogonal part of A. We will classify the contributions of the axial
and vector parts of the torsion tensor separately:
Tˆ Vabc =
2
3
ga[bVc], Tˆ
A
abc = ǫabcdA
d (81)
(a) |V| < 0 and |A′| > 0
Tˆ Vabc is of type I and secondary type I.
• If V ·A = 0 either TˆAabc will be of type I and secondary type I or type II.
• If V ·A 6= 0 either TˆAabc will be of type I and secondary type I
(b) |V| = 0 and |A′| < 0
Tˆ Vabc is of type III.
TˆAabc will be of type I and secondary type I.
(c) |V| = 0 and |A′| = 0
Choosing V ∝ ℓ and A ∝ n this implies that the sum Tˆabc = Tˆ Vabc + TˆAabc will be
of type I and secondary type I.
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(d) |V| = 0 and |A′| > 0
Tˆ Vabc is of type III.
TˆAabc will be of type II.
(e) |V| > 0 and |A′| < 0
Tˆ Vabc is either of type II or of type I and secondary type I.
TˆAabc will be of type I and secondary type I.
(f) |V| > 0 and |A′| = 0
• If V ·A = 0 then TˆAabc is of type III. In this case Tˆ Vabc must be of type II.
• If V ·A 6= 0 then both Tˆ Vabc and TˆAabc are of type I and secondary type I.
(g) |V| > 0 and |A′| > 0
Tˆ Vabc is either of type II or of type I and secondary type I.
• If V ·A = 0 then TˆAabc is of type II.
• If V ·A 6= 0 then TˆAabc is either of type II or of type I and secondary type I
depending on the choice of type for Tˆ Vabc.
3. Alignment classification of the canonical forms for the purely tensorial part of torsion
• Trivial linear isotropy
In this case, the torsion tensor fully specifies an invariant frame. This eliminates
alignment types D, N as tensors of these two types always admit non-trivial linear
isotropy groups. The permitted alignment types are I, II and III.
• 1D boost isotropy:
The canonical form of the torsion tensor must be of type D.
• 1D spin isotropy:
The canonical form of the torsion tensor is of alignment type I and secondary alignment
type I.
• 1D null rotation isotropy:
The canonical form of the torsion tensor is of alignment type III.
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• 2D null rotation isotropy:
The canonical form of the torsion tensor is of alignment type N.
• 3D SO(3) isotropy:
In this case, the purely tensorial part of the torsion must vanish and A = aV with
V = vh1. The form of the torsion tensor is then
Tabc = −1
3
(gabVc − gacVb) + ǫabcdAd (82)
As
√
2h1 = v(ℓ + n) this implies the torsion tensor must be of alignment type I and
secondary alignment type I.
• 3D SO(1, 2) isotropy:
The purely tensorial part of the torsion must vanish and A = aV with V = vh2.
Since
√
2h1 = v(ℓ−n) this implies the torsion tensor must be of alignment type I and
secondary alignment type I.
• 3D E(2) isotropy:
In this case, the purely tensorial part of the torsion must vanish and A = aV with
V = vℓ. The canonical form of the torsion tensor is of alignment type III and
secondary alignment type II.
E. Classification of the covariant derivative of the torsion tensor
We must classify the first covariant derivative of the torsion tensor in order to fully classify
the field equations of a teleparallel gravity theory. To do so we will apply the alignment
classification for each of the possible torsion tensors with non-trivial linear isotropy group.
• 1D boost isotropy:
The possible alignment types are II or D.
• 1D spin isotropy:
In the case, the alignment type can be G or I and secondary alignment type G or I.
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• 1D null rotation isotropy:
The alignment types are II or III.
• 2D null rotation isotropy:
The alignment types are III or N.
• 3D SO(3) isotropy:
The alignment types are O or alignment type G or I and secondary alignment type
G or I.
• 3D SO(1, 2) isotropy:
The alignment types are O or alignment type G or I and secondary alignment type
G or I.
• 3D E(2) isotropy:
The alignment types in this case are O, II or III with secondary alignment type I or
II.
F. Degenerate Kundt frame
A class of teleparallel geometries of particular interest are those in which there exists a
frame, called a degenerate Kundt frame, relative to which all of the positive b.w. components
of the torsion tensor and its covariant derivatives are simultaneously zero (i.e., they are all
of algebraic type II in the same frame). If such a degenerate Kundt frame exists, then V
and A can be invariantly fixed according to cases 1.b, 1.c, 2.a, 2.b, 2.d or 2.e in subsection
IVB. This may not be an invariant frame as the torsion tensor can still admit a non-trivial
linear isotropy group.
This choice of frame leads to constraints on the components of the torsion tensor as the
contributions to the torsion tensor from the axial and vector torsion tensors in (81) will be of
alignment type II at most. If a frame is chosen in this way, the permitted group of Lorentz
frame transformations will be reduced as well, and this can affect the choice of canonical
form for the purely tensorial part of the torsion tensor.
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In this frame, all of the positive b.w. terms for the irreducible torsion tensor and its first
covariant derivative as given in figures 1 and 2 must be zero. This will lead to a number of
constraints on the frame and the spin-connection as the frame may not be proper. We will
return to this in future work.
G. Maximal dimension of the affine frame symmetry group
As a corollary of the classification of the linear isotropy groups of the purely torsion part
of the tensor, we have a related result that is applicable for any Riemann-Cartan geometry
with a non-zero torsion tensor [21]
Corollary IV.1. If a Riemann-Cartan geometry admits a non-zero torsion tensor, then the
maximum dimension of the group of affine symmetries is at most seven.
Proof. Regardless of the structure of the curvature tensor, if the torsion tensor is non-zero,
the linear isotropy group of the torsion tensor is at most three. Following the more general
equivalence algorithm in [21] this implies that the largest isometry group,
r = 4− tp + dim Hp
will occur when tp = 0 and dim Hp = 3.
H. Highest iteration of the modified Cartan-Karlhede algorithm
As the dimension of the continuous isotropy group permitted for a teleparallel geometry
is at most 3D, the maximum dimension of the reduced frame bundle in this procedure is
q=7. There is one case where a teleparallel geometry has the potential to attain the highest
iteration in the algorithm. At zeroth order the torsion tensor must satisfy the following
conditions:
1. The purely tensorial part of the torsion tensor vanishes.
2. The axial and vector parts of the torsion tensor are proportional to each other.
3. The proportionality factor is constant, V = cA, c ∈ R.
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At each iteration, q > 0, we must then have either tq or dim Hq iterate by at most
one while the other discrete quantity is unchanged. At the end of the algorithm, t7 = 4
and dim H7 = 0. The corresponding group of affine frame symmetries is trivial for any
teleparallel geometry for which q = 7.
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V. EXAMPLES OF TELEPARALLEL GEOMETRIES
To illustrate the modified Cartan-Karlhede algorithm, we will consider several teleparallel
geometries. The examples presented arise from the choice of a particular frame associated
with a given spacetime metric and the choice of a spin-connection. In these examples, the
spin-connection ωabc is taken to be anti-symmetric in the first two indices and satisfies the
constraints given by (17) and (22). We note that in examples A-D there is a non-trivial
linear isotropy group at the termination of the algorithm, and this is inherited by the spin-
connection.
A. Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime
The coframe for the orthonormal diagonal frame gauge are [23]:
ha =


dt
R(t)1
ξ
dr
R(t)r dθ
R(t)r sin(θ) dφ


(83)
where ξ(r) =
√
1− kr2. We note that the connection one-forms are consistent with the
anti-symmetric part of the f(T ) field equations are
ω
a
b =


0 0 0 0
0 0 −ξ dθ −√kr sin(θ) dφ √kr dθ − ξ sin(θ) dφ
0 ξ dθ +
√
kr sin(θ) dφ 0 −
√
k
ξ
dr − cos(θ) dφ
0 −√kr dθ + ξ sin(θ) dφ
√
k
ξ
dr + cos(θ) dφ 0


. (84)
Computing the torsion tensor, we find that
Ta =


0
R˙(t)
R(t)
h1 ∧ h2 + 2
√
k
R(t)
h3 ∧ h4
R˙(t)
R(t)
h1 ∧ h3 + 2
√
k
R(t)
h4 ∧ h2
R˙(t)
R(t)
h1 ∧ h4 + 2
√
k
R(t)
h2 ∧ h3


. (85)
The vector and axial part of the torsion are, respectively,
V =
3R˙
R
h1 and A =
2
√
k
R
h1. (86)
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while the purely tensorial part vanishes. As the frame has been adapted to V alone, this is
not an invariant frame yet; there may be additional tensors at higher order that will allow
us to further fix the frame.
All three irreducible parts of the torsion are invariant under SO(3), thus dim H0 = 3 and
there is only one functionally independent invariant, the magnitude of the axial part:
2
√
k
R
. (87)
We note that if k = −1 this leads to complex valued components of the torsion tensor. Thus
for k = −1 the chosen connection is not ideal for a real-valued teleparallel geometry. It is
possible to instead consider the connections in [23, 41] to give real-valued FLRW geometries.
In the case of k ≥ 0 we can continue and note that the first covariant derivative retains the
SO(3) isotropy and does not include any new components.
B. The static spherically symmetric spacetime
From [17] the static spherically symmetric line-element is
ds2 = −A(r)2dt2 +B(r)2dr2 + r2dθ2 + r2 sin2 θdφ2. (88)
The corresponding coframe is
h˜aµ = diag(A(r), B(r), r, r sin θ), (89)
with the related half-null coframe:
ha =


n
ℓ
X
Y


=


1√
2
(Adt+Bdr)
1√
2
(Adt−Bdr)
rdθ
r sin θdφ


. (90)
Such that
ds2 = −ℓn− nℓ+X2 +Y2. (91)
Choosing the inertial spin-connection, which is also consistent with the anti-symmetric part
of the f(T ) field equations relative to the half-null frame:
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ω
b
a =


0 0 1√
2
dθ sin θ√
2
dφ
0 0 − 1√
2
dθ − sin θ√
2
dφ
− 1√
2
dθ 1√
2
dθ 0 − cos θdφ
− sin θ√
2
dφ sin θ√
2
dφ cos θdφ 0


, (92)
then the torsion tensor has the following non-zero components
T a =


A′√
2AB
h1 ∧ h2
A′√
2AB
h1 ∧ h2
B+1√
2Br
(h1 ∧ h3 − h2 ∧ h3)
B+1√
2Br
(h1 ∧ h4 − h2 ∧ h4)


. (93)
The axial part vanishes, while the vector part of the torsion is:
V =
(A,rr + 2BA+ 2A)√
2BAr
(ℓ− n). (94)
Looking at the form of the purely tensorial part, this tensor satisfies the conditions for
spin isotropy, i.e. a SO(1) rotation since
t(11),2 = t(22),1 = −t(12),1 = t(12),2 = −t(i3),3 = −t(i4),4 = t(33),i = t(44),i, i ∈ [1, 2]. (95)
At zeroth order, there is one functionally independent component and the isotropy group
consists of rotations in the h3-h4 plane. The algorithm terminates at first order, as the
isotropy group is unchanged and no new functionally independent invariants are produced.
Thus dim H1 = s = 1 and t1 = 1 implying that r = 1 + 4− 1 = 4.
C. Standard (Anti)-de Sitter spacetime
We will now consider the standard frame basis for the (anti)-de Sitter solution. In GR, the
(anti)-de Sitter solution can be described as special cases of the static spherically symmetric
metric where Λ is positive (negative) and the metric functions A(r) and B(r) are:
A = B−1 =
√
1− Λr
2
3
.
Choosing the rest frame where the functions A and B are “turned off” (corresponding to
the limit Λ→ 0), we find the expected spin-coefficients given in equation (92).
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The torsion tensor has the following non-zero components:
Ta =


− Λr√
2(9−3Λr2)h
1 ∧ h2
− Λr√
2(9−3Λr2)h
1 ∧ h2
(3+
√
9−3Λr2)
3r
√
2
(h1 ∧ h3 − h2 ∧ h3)
(3+
√
9−3Λr2)
3r
√
2
(h1 ∧ h4 − h2 ∧ h4)


. (96)
As in the static spherically symmetric case, only the vector part of the torsion tensor is
non-zero,
V =
6− 3Λr2 + 2
√
(9− 3Λr2)√
2r2(9− 3Λr2) (ℓ− n). (97)
The torsion scalar is non-constant,
T =
2
3
[
3Λ2r4 − 2(2Λr2 − 3)√9− 3Λr2 − 15Λr2 + 18
r2(Λr2 − 3)
]
. (98)
At zeroth order, there is one functionally independent component and the isotropy group
consists of rotations in the h3-h4 plane. The algorithm terminates at first order since
dim H0 = dim H1 = 1 and t0 = t1 = 1. Thus the dimension of the isotropy group is
still r = 1 + 4− 1 = 4.
The fact that the number of functionally independent invariants is a significant difference
from its analogue in GR. In the next example we will show the de Sitter metric admits other
frames that will have a differing torsion structure and hence will attain a different symmetry
group. We note that theorem III.3 implies that no teleparallel geometry arising from the
(anti-) de Sitter metrics will admit maximal symmetry.
D. Two alternative tetrads for “de Sitter” spacetime
Consider the line element for the de Sitter spacetime in coordinates (t, x, y, z):
ds2 = −dt2 +R0e2H0t(dx2 + dy2 + dz2). (99)
We will consider two potential frames:
ha =


dt
R0e
H0tdx
R0e
H0tdy
R0e
H0tdz


and h
′a =


cosh(α)dt+ sinh(α)R0e
H0tdx
sinh(α)dt+ cosh(α)R0e
H0tdx
R0e
H0tdy
R0e
H0tdz


, (100)
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where the boost angle is α = α0R0H0e
H0tx. We will assume the trivial spin-connection,
ω
a
b = 0, for both frames. The second frame, h
′a, has been constructed by applying a
Lorentz transformation to the frame, ha, in (100) without applying the corresponding trans-
formation to the spin-connection. Interestingly, both frames with the trivial connection
give the same field equations. One frame is diagonal while the other is not and there is no
Lorentz transformation mapping one frame into the other which also preserves the trivial
connection condition. We will show that the two teleparallel geometries are not related by
a diffeomorphism.
For the first tetrad, ha, in (100) with ωab = 0, the torsion tensor is of the form:
Ta =


0
H0h
1 ∧ h2
H0h
1 ∧ h3
H0h
1 ∧ h4


. (101)
The axial and purely tensorial part of the torsion are zero, while the vector part is
V = 3H0h
1. (102)
The linear isotropy group must be SO(3) in order to preserve the timelike direction h1
and there are no functionally independent components, so dim H0 = 3 and t0 = 0 At first
order the covariant derivative of the torsion tensor is zero, thus dim H1 = 3 and t1 = 0.
We conclude that the dimension of the symmetry group for this teleparallel geometry is
r = 3 + 4− 0 = 7.
To compute the torsion tensor for the second tetrad, h
′a, in (100) with ωab = 0 we will
translate the t coordinate to set α0 = 1 and scale the coordinates so that the metric is
conformal to a metric with H0 = 1 with conformal factor 1/H0. Thus the boost angle is
now α = R0xe
t0 . The torsion tensor is
T
′a =


− cosh(α)αh′1 ∧ h′2
− sinh(α)αh′1 ∧ h′2
cosh(α)h
′1 ∧ h′3 − sinh(α)h′2 ∧ h′3
cosh(α)h
′1 ∧ h′4 − sinh(α)h′2 ∧ h′4


. (103)
The axial part of the tensor vanishes, while the vector part takes the form
V′ = [2 cosh(α) + sinh(α)α]h
′1 + [2 sinh(α) + cosh(α)α]h
′2, (104)
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and the norm of V′ is
|V′|2 = α2 − 4. (105)
We must consider three regions, where V′ is timelike, null or spacelike. In each case we can
adapt V′ to be part of the frame basis. This restricts the isotropy group at zeroth order to
be 3D at most.
We will not compute the purely tensorial part of the torsion. However, t′(ab)c admits a
1D isotropy group consisting of spatial rotations about h
′2. Since V′ lies in the span of the
h
′1-h
′2 plane this property will be preserved, and so dim H0 = 1. There is one functionally
independent invariant at zeroth order, t0 = 1.
At first order, the isotropy group remains 1D, and no new functionally independent
invariant appears. Thus, dim H1 = 1 and t1 = 1, implying that the algorithm terminates.
We conclude that the dimension of the symmetry group of this teleprallel geometry is n =
1 + 4− 1 = 4 and the coframe, ha, cannot be diffeomorphic to the coframe, h′a.
E. The PPGW metric
We next consider an analogue teleparallel geometry arising from the subset of the vacuum
PP-wave spacetimes admitting null rotations about ℓ, known as the plane gravitational waves
metrics in GR [27]. We consider the line element for the vacuum PPGW-wave metrics,
ds2 = −2du(dv +H(u, x, y)du) + 2dζdζ¯, (106)
where ζ = x + iy is a complex coordinate and H satisfies ∆H = H,ζζ¯ = 0. Thus for any
complex-valued analytic function f(ζ, u):
H = f(u, ζ) + f¯(u, ζ¯).
While for the sub-class of plane gravitational waves in GR, the complex-valued analytic
function takes the form,
f(u, ζ) = (A0(u) + iA1(u))ζ
2.
To simplify matters, we will consider the transverse 2-space relative to real-valued coordi-
nates,
ds2 = −2du(dv +Hdu) + dx2 + dy2,
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where H takes the form
H = 2A0(u)(x
2 − y2)− 4A1(u)xy.
We will start with the complex null gauge:
ha =


n
ℓ
m¯
m


=


dv +Hdu
dv
1√
2
(dx+ idy)
1√
2
(dx− idy)


(107)
and we will assume that the spin-connection is zero, ωabc = 0. This corresponds to the
inertial spin-connection for the null coframe which gives a consistent solution to the f(T )
field equations. This is consequently a proper frame; however, it is not an invariant frame as
the frame has not been fully fixed using coordinate independent conditions from the torsion
tensor and its covariant derivatives.
At zeroth order, we may apply a boost and spin defined in equations (69) and (71),
respectively, with the parameter defined by:
D4e2iθ = maH,a. (108)
This will normalize the components of the torsion tensor so that
Ta =


h2 ∧ h3 − h2 ∧ h4
0
0
0


. (109)
However, in this resulting null frame, the spin-connection ωabc will no longer be trivial. The
number of functionally independent invariants is zero, and the isotropy group consists of
null rotations about h2 = ℓ. We note that the torsion trace vector V and the torsion axial
vector A both vanish.
At first order by computing the covariant derivative of the torsion tensor, we may fix the
two null rotation parameters in (76):
ℓ′ = ℓ, n′ = n+Bm¯+ B¯m+ |B|2ℓ, m′ = m+Bℓ
with the complex parameter,
B¯ =
−nbln(maH,a),b(x+ iy)
2DeIθ
, (110)
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so that the only non-zero components relative to the null frame {ℓ,n,m, m¯} are:
T 123|3 =
2(A0 − iA1)(x− iy)2√
2(A20 + A
2
1)(x
2 + y2)
3
2
, (111)
and its complex conjugate T 124|4.
The frame is now an invariant frame as all of the parameters have been fixed: boost
and spins by equation (108), null rotations about ℓ by (110) and the null rotations about
n as the identity transformation. The spin-connection can be computed using the Lorentz
transformation:
Λ =


D D−1|B|2 Beiθ B¯e−iθ
0 D−1 0 0
0 B¯D−1 eiθ 0
0 BD−1 0 e−θ


. (112)
where D, θ and B are respectively, the boost, spin and null rotation parameters given by
equations (108) and (110). The associated spin-connection has the following non-zero com-
ponents:
ω112 = D
−1n′(D), ω113 = D
−1m′(D), ω114 = D
−1m¯′(D),
ω332 = −in′(θ), ω333 = −im′(θ), ω334 = −im¯′(θ),
ω132 = −[n′(B) +D−1Bn′(D)− iBn′(θ)],
ω133 = −[m′(B) +D−1Bm′(D)− iBm′(θ)],
ω134 = −[m¯′(B) +D−1Bm¯′(D)− iBm¯′(θ)].
(113)
The primed indices denote the elements of the new Lorentz frame, h′a = {ℓ′,n′,m′, m¯′} and
h′a = Λabh
b. This spin-connection will satisfy the constraints for a f(T ) teleparallel gravity
solution; that is, it is anti-symmetric in the first two indices, has vanishing curvature and
satisfies the anti-symmetric part of the f(T ) field equations.
We note that the set of Cartan invariants so far, T 1, consists of the components of
the torsion tensor and its covariant derivatives. The first order Cartan invariants will be
expressed in terms of the coordinates x and y, the functions A0(u) and A1(u), and their frame
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derivatives. Thus, at first order there are 3 functionally independent real-valued scalars that
can be constructed from the components of the covariant derivative of the torsion tensor
(i.e., t1 = 3) and the isotropy group at first order is zero (i.e., dim H1 = 0).
At second order, there are no new functionally independent invariants and the second
order isotropy group remains zero dimensional: therefore the algorithm terminates with t1 =
t2 = 3 and dim H1 = dim H2 = s = 0. The isometry group has dimension r = 0+4−3 = 1.
As the non-zero components of the torsion tensor and its covariant derivatives all have
negative boost weight, according to [30] this implies that all SPIs formed from these tensors
must vanish and hence the PPGW teleparallel geometry has the VSIT property [30]. This is
similar to the analogous plane gravitational wave VSI spacetimes in GR. However, there is
one significant difference between the metric-based geometry and the teleparallel geometry;
the torsion tensor and its covariant derivatives do not admit null rotation linear isotropy,
and hence there will be no null rotation affine frame symmetry in this teleparallel geometry.
Since a general torsion tensor can admit null rotations as an element of their linear isotropy,
it is conceivable that there is a connection that will satisfy the anti-symmetric part of the
f(T ) field equations for a plane wave geometry and preserve null rotation linear isotropy.
There are a number of interesting questions that arise from this example. Are there
other teleparallel geometries outside of Minkowski space and the PPGW solution that are
VSI spacetimes? Is the set of Cartan invariants equivalent to the set of SPIs, IT , for all
teleparallel geometries? Is VSIT equivalent to VSIR? These questions will be considered in
a forthcoming paper.
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VI. DISCUSSION
We have considered the equivalence problem for teleparallel geometries. These are man-
ifolds equipped with a frame basis and a connection for which both of the curvature and
non-metricity are zero; for such spaces, the torsion tensor and its covariant derivatives are
the fundamental objects of study. The teleparallel geometries play an important role in
alternative theories of gravitation, which are known as teleparallel theories of gravity where
torsion replaces curvature as the invariant quantity describing gravity.
To determine the equivalence of two teleparallel geometries, we have proposed a modifi-
cation of the Cartan-Karlhede algorithm adapted to Riemann-Cartan geometries [21]. The
algorithm relies on restricting the parameters of the Lorentz frame transformation group
by fixing the torsion tensor and all covariant derivatives of the torsion tensor up to its q-th
covariant derivative into canonical forms which is determined by the linear isotropy group
of each tensor. At each iteration the number of functionally independent invariants and the
remaining linear isotropy of the q-th covariant derivative is recorded. This process yields two
invariant discrete sequences and a list of Cartan invariants that locally uniquely characterize
the space.
By identifying all of the permitted linear isotropy group of the torsion tensor and listing
the canonical forms for the torsion tensor for each of the potential linear isotropy groups, we
have restricted the linear isotropy group at higher iterations to be less than three. This result
also imposes an upper bound on the number of iterations needed to classify any teleparallel
geometry to be less than q = 7.
In addition to classification, the proposed algorithm gives insight into the symmetry group
of a teleparallel geometry. This is important since the metric is no longer the central object
of study, and hence the set of isometries may not represent a set of intrinsic symmetries for a
given teleparallel geometry. Introducing the more general concept of an affine frame symme-
try as a diffeomorphism from the manifold to itself which leaves the frame basis determined
by the Cartan-Karlhde algorithm and the associated spin-connection invariant, we note that
the dimension of the affine frame symmetry group is provided by the algorithm. As any
affine frame symmetry is an isometry but not all isometries are affine frame symmetries, this
determines the dimension of the symmetry group for a teleparallel geometry.
We note that the frame-dependent approach to calculate affine frame symmetries is equiv-
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alent to the method used in [22]; however, our approach can be used to establish more general
results for teleparallel geometries. For example, in theorem III.3 we have proven that the
only teleparallel geometry which admits a maximal number of affine frame symmetries is
Minkowski space. More generally, in corollary IV.1 we have proven that any Riemann-Cartan
geometry with non-zero torsion admits at most a seven-dimensional affine frame symmetry
group.
In the six examples presented we have shown how the modified Cartan-Karlhede algorithm
can be implemented and explicitly illustrate the relationship between the Cartan invariants,
the group of affine frame symmetries and the subgroup of isometries. We have also shown
that inequivalent solutions to the teleparallel field equations can give equivalent metrics.
This suggests that for a given frame anzatz we can produce distinct teleparallel geometries
by choosing different spin-connections which cannot be related to each other using Lorentz
frame transformations.
This observation motivates the search for other spin-connections which generate distinct
torsion geometries with the same metric geometry. For example, in the torsion geometry
based on the PPGW metric which lacks null rotation isotropy about the wave-vector ℓa, it is
possible to choose a different spin-connection for the given frame associated to the PPGW
metric which will preserve the null rotation symmetry about ℓa. We note that the presented
teleparallel geometry associated to the PPGW spacetime admits the VSI property and that
for any other choice of spin-connection which preserves the null rotation linear isotropy at
all orders will necessarily be VSI as well.
In future work we will examine the potential teleparallel geometries which arise from the
so-called class of Kundt frames [30]. In 4D Lorentzian geometry the associated metrics are
contained in the class of degenerate Kundt metrics which cannot be characterized by their
scalar polynomial curvature invariants. Therefore, we will examine the class of teleparallel
geometries based on degenerate Kundt frames and investigate the subset which cannot
be characterized by the set of SPIs, IT , formed from the torsion tensor and its covariant
derivatives.
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APPENDIX: LORENTZ FRAME TRANSFORMATIONS OF THE PURELY
TENSORIAL PART OF TORSION
The transformation rules for the components of t(ab)c can be written compactly relative
to a complex null frame.
• For a null rotation about ℓ:
ℓ
′ = ℓ, n′ = n+Bm¯+ B¯m+ |B|2ℓ, m′ = m+Bℓ (114)
we have the following transformation of the components
t′(13)1 =t(13)1,
t′(12)1 =B¯t(13)1 +Bt(14)1 + t(12)1,
t′(33)1 =2Bt(13)1 + 2t(33)1,
t′(14)3 =− 2B¯t(13)1 +Bt(14)1 + t(14)3,
t′(23)1 =2|B|2t(13)1 +B2t(14)1 + 2Bt(12)1 + 2B¯t(33)1 + t(23)1,
t′(13)2 =− |B|2t(13)1 − 2B2t(14)1 − 3Bt(12)1 − B¯t(33)1 −Bt(14)3 + t(13)2,
t′(22)1 =B¯
2t(13)2 +B
2B¯t(14)1 + 2|B|2t(12)1 + B¯2t(33)1 +B2t(44)1 + B¯t(23)1
+Bt(24)1 + t(22)1,
t′(33)2 =−B3t(14)1 − 2B2t(12)1 − B2t(14)3 +Bt(23)1 + 2Bt(13)2 + t(33)2,
t′(24)3 =−BB¯2t(13)1 + 2B2B¯t(14)1 + 2|B|2t(12)1 − B¯2t(33)1 + 2B2t(44)1
+ 2|B|2t(14)3 − 2B¯t(23)1 + 3Bt(24)1 − 2B¯t(13)2 + 2Bt(14)2 + t(24)3,
t′(23)2 =− t(14)1B3B¯ − 2t(12)1B2B¯ −B3t(44)1 − B2B¯t(14)3 + |B|2t(23)1
− 2B2t(24)1 + 2|B|2t(13)2 − B2t(14)2 − Bt(22)1 + t(33)2B¯ −Bt(24)3 + t(23)2.
(115)
The effect of a null rotation about n can be determined by swapping 1 ↔ 2, B = C¯
and B¯ = C.
• For a boost and a spin,
ℓ
′ = Dℓ, n′ = D−1n,m′ = eiθm (116)
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we find:
t′(13)1 =D
2t(13)1, ,
t′(12)1 =Dt(12)1,
t′(33)1 =e
2iθt(33)1,
t′(14)3 =Dt(14)3,
t′(23)1 =e
iθt(23)1,
t′(13)2 =e
iθt(13)2,
t′(22)1 =D
−1t(22)1,
t′(33)2 =D
−1e2iθt(33)2,
t′(24)3 =D
−1t(24)3,
t′(23)2 =D
−2eiθt(23)2.
(117)
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